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ABSTRACT
The bshavior of & torque-saturated servomechanism
characterized by viescous friction and inertia has been
studied. An idcalized saturation curve is assumed and

the step function reaponse is computed plecswise; the

& o

response curves are given in dimensionless form, and

a8 mumber of useful auxiliary curves are incluled.

The integrals of the absolute and squared error 'H
have been determined and plotted, and are arrloyed in ;
asgessing the importance of saturation. It is found i

that there is an optimum damping ratio which decreases !
with the size of the step input, that the system gain ;
in the unsaturated region can be increased to advantage, i
and that the performance of the saturating systsm is ; ‘
similar to that of an optimum off-or. system for large
inputs but definiely inferlor for small inputs.




OFTIMUM ADJUSTMENT OF A TCRUUE-SATURATED JZRVCHICHANISM

In the siudy of simple positioning systems, it is customary
to assume that the tcrque developed by the servomotor is dirsctly
proportional to the error tetween the input and output shafts.
It ie further assumed, tacitly or otherwise, that this proport-
ionality apvlies for errors of any magnitude. In any physical
systen, however, the maximum torque is always limited.

The avallable torque may be limited by saturation of the
“emplifier controlling the motor, sither accidentally as a result
of ipherent limitations of the amplifier or deliberately as a
reans of protecting the motor from excessive volta;es. Magnetic
saturation in the motor itsslf is another possible cause of a
torque limitation. :

3ince torque saturation is probable in any physical system,
two questions should be investigated: how does a aaturated
syotem bshave (analysis), and how can saturation be either
circunvented or used to advantage (syhthesic)? The analysis of
saturated servomechanisms has received some attentionl‘s, but
the important question of design has been largely nsslected?.
The following prcbloms have therefore been investigated and are

discussed in this report:

(1) For a given size input, what is the loss in transient
response due to saturation?

(2) How can a saturating system be designed to take best
advantage of the saturation?

(3) Hov doees an optimum saturated servomechanism compare
With an optirum relay servomechanism?
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Fanilles of curves showing the transient. resronse of a
basic servomechanism for various input magnlitudes and system
parameters are presented, using a set of dimensionless quantitles
descriptive of the system and the input. Response criterla are

= applied to determine optimum parameter combinations, and the
results are used in a comparative study of several methods for

controlling a particular servomotor.

ANALYSIS
To focilitate the analysis, a particularly sixple sort of
torque-error relation is considered, shown in Fig. l. Torque

T
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Figure 1. Torque-Error Rolation

saturation occurs whenever the error exceeds a oritical value,
€qs called the critical arror. For errors greater than this
ocritical error, the torque is constant (% Tm); for errors less
than the critical error, the torque 1is proportional to the
error (K e).

We also assume that the system 1s characterized by inertia

and friction, cnd that there are no time lags ahead of the

saturating element. A block diagram of the system under
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consideration 1s given in Fig. 2. In this diggram and in the

analytical work which follows, "s" may be regardsd as the usual

0 e @ T 1 & |1 %
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Figure 2. Block-Diagram of Torque-Saturated Servomechanism

Laplace transform variablc or as an abbreviation for 4/4t, the

differential onerator; 91, e and e are the input, output, and

o?
error, respectively.

Only ster inputs are considered and the system is assumed
to be at reet when the step input is applied.

The differential equations describing the response of this

servomechanism are

K e, e 3o,

[ A
J 8 + £6 = Ko 8¢ £
e

L1}

=K °c

vhere tho dots denote differentiation with respect to time. 1f

these equations are divided by f, nev equations aro obtained

K, © T 2 o,
-0 <e $°c (2)

-1\, o, e <’°c
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K, = —%—, the velocity constant, seconds L.
Uasing the definition of the orror, o = 61 - 8,, and the fect

that a step input is being censidered, Eq. (2) can be reduced to

in vhich 7V —L, the time constant, seconds; ?
j

= - l(veo 0}00
e + & = - K, o -o. e £ o (3)
= K, e, a{-ec '

Bafore solving these equations and discussing tho solutions,
it will be advantageous to liet some additional parametera which ,

can be used to deacribe the aystom:

) = —gn- = K. e, the limiting velocity, radians/second;
By = ...K_. = ..§!.. » the undanpod natural frequensy, I
J g 4 radians/second;

= 1
—_— = —————  the damping ratio, dimensionless; ‘
» ]
2 V JK ?VKV T
e

a measure of the error, dimonsionless;

 }
e, '
P = _9.12).0 , & measure of the initial error, dimensionless;
c
. N
R = ﬁ——, a measure of the error rate, dimensionless; ‘

o,t , a measure of time, dimersionless.

de have chogen to use 8 s @ and 8, to describe a given system

o
and have plottod e/e, as a function of agt With ¥anda P as

parancters.
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In the variables chosen, the equations becomo

o a
= - % o, e & o,
1 oe - a‘g :
2 x mo 2% c 4 A

@

i!% e e {2
Generual c¢os5lutions for these equations are developed in the
Appendix.

The character of the response to a step input is strongly
influenced by the dampingz ratio, S , and the initial error,

Poe and seversal differcnt cases can be identified:

o

(a) ITf P is less than unity, the system remains within
the uneaturated or linear region at all times.

(b) If P is greater than unity and $§ 1s greater than 0.287,
the system is initially in the saturated region, reaches
the linear reglion at a time t,, and then remains in the
linear region.

(c) If  is much ~reater then unity and § 1s less than 0.287,
the system may go from the saturated reglon into the
linear rezion and then return to the saturated recion.

The three ccses may be considered separately. Cnly positive values
of P need b0 bo treated, since the response for a necative P 1is

identical except for sign with the response for the same positive
P.

In general, the response is dotermined plece-wise, opplying
the diffaresntisl equation appropriato to the region and taking
advantage of the continmuity of the error and error rato at tho

time of transition from one rezion to anothar.

R




(a)

(b)

" obtained from Eq. (B3) of the Appendix and the initial condition

-G-

If the initial error is less than the critical error (F € 1),
the system respomnse is givon for all time by

_%‘_ = Pe‘sma{[w‘ﬁ_‘s; wot 4-%;:{:5\“4‘-8‘“.*.] (5)

which is obtained from Eq. (45) of the Appendix by using the
initial condition

Q. = Q(0) = 0 (6)

Curves based on Eq. (5) are available’ and can easily be
adjusted to account for different values of P.

If the initial error is greater than the critical error
(P > 1), the initial portion of tne system response is given

by

e - = o _1_.. = -25w,t
C-P- Rt rial-¢ ) (7)

of 2q. (5) above. Curves based on this equation are presented
in Fig. 3. Equation (7) applies until a time t, at which the
error is equal to the critical error; this time can be found
graphically from Fig. 3 by construction of a horizontal line
at

]
W
]
—
]

P (8)
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Knowing t,, the error rate when the system enters the linear
region can be computed using Zq. (B4) with Q, = 0; results

of such computations are summarized in Fig. 4, in which

23

Q. =
1l ©,04

6(t1) 5 (%)
the ratio of the actual error rate to the maximum error rate.

Within the linsar region, the response will be given by

€. e

e - e"&%" [w‘m W X .g.L_s'm S w,x]

(10)
-Sw

I .X o+ 1
+ Q YTIr e sinYl - S w,x

where x = t -¢; and leayboobtainedﬁ'omi‘is.h. It

ji'
)
!,

@ay be noted this response can be plotted from the previous I
Bq. (5) vy setting P = 1 and adding a term to account for the
initial error rate. \

It has already been shownl’> that, if K,%t < 3.03, the system
will remain within the linear region after the initial period
in the saturated region. In the notation of this report, the
requirement is

P ——

\S > —E—VJ'm— = 00287 (11)

from the relations on p. 4. Thus for § = 0.3, 0.5, or 0.7,

e

the system does not re-enter the saturated region and the
response curves can be calculated from Eqc. (7) and (10).

Familises of rosponse curves for these damping ratlos and

several values of P are given in Figs. 5-T.
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(c) If P 18 largo orcugh and % 1s less than 0.287, say 0.2 cor ¥
0.1, the system will cross the linear region and contimue
into the saturated region, past e = -0, The time at which n
the system re-entes the teaturated region, t,, will be a
functionr of Q; and % which 1s best determined grarhically.
A plot of mo(t2 - tl), the time required to cross the linear ‘

region, is given in Fig. 8.

Knowing the time spent in the linear region, the veloclity at z'
time t, can be calculated from Eq. (A7) using P = 1 and Qo =

Ql; the results may be expressed in terms of

i
. {
& = =3 &(t,) (12) ,
@ 0
o-c
and plotted as functions of G, and S , as shown in Fig. 9.
This figure shows, as does Fig. 8, that therc 1s no re-entry :I
i
into the saturated region for $§ = 0.2 1if ) is less than
0.55, or 1f Q, 1s lesc than 0.18 for % = 0.1. (From Fig. 4, ‘
the corresponding values of T are 2,55 and 1.4, respectively.) : ‘

In such cases, as in the cases for ¥ > 0.287, the response

is calculated in two parts from =qs. (7) and (10).

If the system re-enters the saturated region, the next part
of the response is celculated from £q. (BS) which becomes

e _ 2‘!% —Zgw.
= = |+ -~——-t d) + I - (13)
€ ' 2 ( ) 4%1( 13)
where y = t - t,. The relative volocity Q, can be obtained
. from Fig. 9.
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Response curves computed from Eq. (13), like those shown in

%

Figs. 10 and 11, can be used to determine the time intervai,

(tz - t5), spent in the saturated region.

The error rate at the time of ru-entry into the linear reglon,
specified by

2 ¥

TN

can then be computed and plotted as a function of § and either

é(t3) . (14)

Q2. Qy» or P. The most useful combination is probably Q3 as 1
function of Q,, shown in Fig. 12,

vith the curves already presented, sufficient information 1s
available to permit efficient calculation of the resronse for
any combination of initial error and system parameters. The

. procedure may be understood by reference to Fig. 13.

ST FTECENY swu Cae - omuaitdaN a&ahcw:m n«:’m«u G

)
j
& 3
90 g'
3
-3¢
tl ts t3 t, ts
Figure 13. Typical Torque-Saturated Servomechanism Response
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The ocaloulations previously outlined give the response for

cqCt < ts. ir Gz 1s small enough, the system remains in the
iinear region for t > t3 and Eq. (10) can be used to compute
the ramainder of the response by substituting Q3 for Q, and
reversing the signs of both terms.

If there are additional re-entries intc the saturated regions,
as shown in Flg. 13, the response for t} <t ( ty is oomputed
in the same Way @s the resronse for t, <t <t,, using Eq. (10)
with appropriate sign changes. Similarly, the response for

ty <t <tg can be computed from Eq. 15 by changing the sign
of all terms. The error rates at ta and ts, specified in terms
of G, and Qg, can be found from Q, by ueing Figs. 9 and 12. The
same procedure can be employed an-mzmy times as necessary, until
the system leaves the saturated regiona for the last time, when
Zq9. (10) can be used to commuto the remainder of the response.

Figure 12 can be used to determine the number of times that

a given system will enter the saturated regions in response to
a specified input. Suppose, for example, that § = 0.1 and

F = 5. From Fig. 4, we find G, = -0.47. From Fig. 12, the
error ratos at subsequent entries into the linear reglion ars
4‘3 = 0.30, and QS =-0‘.175; Q, does not exist. This system
will therefore re-enter the saturated recion twice after first

leaving the linear region.

Figure 12 can also be used to determine the maximum runber
of timos that the system re-enters the saturated regions for

a given 3 by assuming that F is large enough to rake Ql =ale




Successive applications of Fig. 12 show that the maximun
possible mumber of re-entries for ¥ equal to 0.2 and 0.1

g are, respectively, one and four.

Response curves for X equal to 0.2 and 0.1 are given in
Figs. 14 and 15 for several values of P. These curves, with
those of Figs. 5-7, have been used to determine the effects
of varying the parameters of the system, to check the results
of experimental work with an analog computer, cnd to find

optimum parameter values.

Since the torque-error curve employed in these caiculations=
might be considered somovhat unrealistic, due to tho abrupt
. transition from linearity to saturation, some study was made of

a system in which the torque is

ko [2 -e'(‘gﬁl e >0) (15)

T

7{-6) = - T(e) (16)

This expression for the torque reduces to K e for small errors
and approaches K °o. for large orrors, like the idealized char-
acteristic used in the previous calculations. The response curves
for this system, computed by a step-by-step methode, are similar
to those presented in this report and it was felt that no major

orrors would result from use of the simpler relation.
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RESPONSE CRITZRIA

In order to determine whether saturation ic helpful or
harmful under any snecified conditions, it 1s.necesaary to uso
somoe oriteria by which the "goodness" of the response can be
measured.

The time required for the error to reach any specified
value appears to be an unsatisfactory measurc of the rosponse
for systems of the type considered here. Using the time needed
to reduce the error to, say, one-tenth of the orizinal value4
seems undesirable, since such a criterion places too much
emphasis on a rapid reduction of the large initisl error and
too little emphasis on adequate damping. A wore satisfactory
criterion, the time required for the error to become small or
neglicible, would be somevhat difficult to apply and would
require cgreement on the meaning of "small' and "negligible”.

Better measures of the roesvonse are provided by the

intoe-rated absolute error

A = jooloe\ at

and the integrated squared error
@

A, = J 62 dt

- Q
which, in this report, are determined for a step changoe in the
system input. An optimum system is defined as one :‘hich minimizes
thoe intogral employed.

These integrals provido objoctive measures of respunss,

rigidly defined and offering no opprortunity for indlvidual

intaerpretation, but at tho same tino leoadinz to optimum oystem
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adjustments in satisfactory agreement wWith those obtained by
intuitive methods. The integrated absolute error criterion, as
previously notedg, favors systems with slightly more damping
than the integrated squared error criterion and is somewhat
easier to use.

For initial errors which do not produce saturation, the
system remains at all times within the linear region and the

integrated absolute error can be computed from®

2. e o~ i’
Ay =-;;o[x + T 9'6"] o°<ec (i7)
o gy
l] -
: 6, = tan"(3/c) (r/2 < &) < 7)

The integrated squared error 1512

2 2
w o= g [ ] I
(o]

For initial errors greater than the critlcal error, which
do produce saturation, the integrals can be evaluated either by
numerical integration using the calculated response curves or by
direct measurement using an analog computer. The values of “1
plotted in Fig. 1S were obtained from the calculated responses
curves using & planimeter, vwhile the values of A, in Fig. 17
were obtained exporimentallyf’ Both sets of curves have been

. 'Seo Appendix Il and Reference 10.

%L detalled description of the experimental procedure is given
2 in Reference 12,
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plotted to shov the integrated absolute or squared error with
respect to the values for e,

{
= e, or P = 1; in particular, the !
vertical scales have been adjusted to produce a minimum value E
of unity for P = 1. 3ince the true values can be calculated for '
this case from iqs. (17) and (18), the actual values for any
other case can be determined from the graphs by a simple pro-
portion. To facilitate such comvarisons, computed velues of

Al and A, are given in Tablo I.

Jamping Ratilo A1m° AxD ;
0.1 6.384 2,600
0.2 3.341 1.450

0.3 2,364 1.133
O.4 1.924 1.025
0.5 1.712 1.C00
0.6 1.618 1.017
0.65 1.606

0.7 1.608 1.057
0.8 1.631 1.113
0.9 1.804 1.278

1.0 2,000 1.250

Table I. Zrror Intecrals for e = e, (r =1)

an optimum dampinz ratio which ropresents a compromise between
a rapid rsduction of the orror in the saturated rezion ana

adequate demping after the systoem i1s within the linear region.

et

)
i
For any initial error and using either criterion, there is !

RO
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The ortimun damping ratio is oconatant for linear opsration of
the ayastem (P{1) and decreases with P when saturation occurs.

From Fiz. 16, the optimum damping ratio determined using the

1
)8
O
L]
i e

e s et 0 s e ¢

interrated mbsolute error coriterion is seen 1o be about 0.65

e, v ot IR

for P { 1, deoreasing to about 0.25 for P = 9. Usinz Fig. 17

and the intosrated squared error criterion, the corresponding

values of danping are 0.50 and approximately 0.20.

The correlation betvween the optimum values of damping
ratlo dstermined from Figs. 16 and 17 and those obtained by
empirical -methods can be studied with the help of Fig. 18,
which shows the resronse curves for several different damping
roetlos and an initial error which is five tinmes the critical
error (F = 5). According to Figs. 16 and 17, tho reccrmended
damping ratio is either 0.35 or 0.25, depending or the criterion
onployed. An intuitive judgment would nrobably result in a
donringz ratio bet.ieen 0.3 and 0.5,
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APPLICAT IONS

The data contained in Figs. 16 and 17 can be applied in a
variety of ways to study the advantages or disadvantages of
saturation.

The first question considered in the loss in porformance
as a result of saturation, measured by the increase in the
intecrated absolute or squared error. The standard for this
comparison is a hypothetical linear system which is identical
with the saturating system for small errors and which has
unlimited torque. The torque-error characteristics of these

systems are given in Fig. 19.

l¢

rd
/
/

Figure 19. Torque-irror Characteristics of (a) Linear System
and (b) Saturating Systen

The comparison 1s facilitated by plotting, say, the values
of Ay as a function of e /o,, &8 chown in Fig. 20. In the linear
reszion, the curves are straight lines with unit slope, as may be
seen from 2q. (17). For initial errors larger than the crii.cal
error, the integrated absolute orror for the saturating system

increcses rapidly and finally cttains a slope of two, which 1s

il
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characteristic of rate-limited systemsll, For ¥ = 0.6 and
P = 9, where the integrated absolute error would be expected
to be (9)(1.618) = 14.56 units for a linear oystem, the value
of Ay for the saturctinz system 1s about 53 units, or an increass
of approximately 3.6 times. For 3 = 0.3, the:corroisponding
incrcase 1s from (9)(2.364) = 21.3 to 33, or about 1.8 timoes.
The poorer reaponsa of the saturating system can be traced, of
course, to the limitation on the torque available for correcting
errors.

The information in Fizs. 16 and 17, plotted in the form
used in F£ig. 20, can also bo smployed for a determinatilon of
the best value of K, the slope of the torque-error characteristic
in the linear region. As an example, we miéht consider a system
Tor wilca X =1, o, =1, 8= 0.6, anc e, = 1, sic/n by the solid
curve in Fig. 21. Since the maximum avalladble torque is fixed,
chancing K merely changes e,, Bgs and S s While loaving the
1initing velocity and time constant unchanged.

Figure 21. Torque-zrror Charactoristics of Saturating System
for Threo Values of(K; (a) K=1, (b) K =2, and
c) X =0.5

Sl T e o : = _— -
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The important system parameters are given in Yavle 1l for ;
various valuos of K. i
|
K 0.25 0.50 1l 2 4 9
g @, 0.50 0.71 1.00 1l.4) 2,00 3.00
§ 1.20 0.85 0.60 0.425 0,30 0.20
ec 4000 2.00 1000 0050 0025 0011 -
Table 1I

In plotting the curves of inte~rated absolute error as a

function of initlal error, we proceed as follows. The curve for

K = 1 may be traced directly from the curve for % = 0.6 in
Fig. 20. To obtain the curve for, say, K = 4, we may first plot

-
-

a straight 1ine through the point o, =1, Ay = 1,18 (computed
from £Eq. (17) or simply take Ay = 2.364 for $= 0.3 from Table 1 :
and divide by 2 to account for the change in mo) with unit slope;

this lino describes the variation of A, vwith e, for 4nitial
errors less than 0.25. The curve for initial orrors groater than ‘
0.25 15 obtalned by tracing the curve for § = 0.3 from Fig. 20,
aftor shifting the curve to tho left and down so that the point
at T = 1 colncides with the ner value of Ay at e = 0.25. These
curves and a nunber of similar curves, are sho.n in Fig. 22,
Inzpection of Fig. 22 roeveals two interestins properties of

this system. First, for errors which are too small to produce
saturation, the intorrated absolute eorror 1s a continuously

- decrcasing function of zain, as expectedg. Jaocond, for errors

puch larger than the critical error, the intezrated absolute

error appears to bo independent of K. This result may best be

underatood by otudy of a family of response curves for various




30

20

10

l K=.25

AN




. = i % 5
ST - i el nzmmren }

values of K, shown in Fig. 23. In drawing these curvas, it was

2 ?“' ﬂ- . g 31 e

assumed that the initial error was Jjust sufficient to saturate
the sysf,em for X = 1, 80 that the response 1s entirely within
the linsar region. As K is inoreased, the critical error becomes
smaller and the time within the saturated region increases. For
tho larger values of K, th9 initial portion of the response 1s
practically identical for the various curves. In the limit, as

K approaches infinity, the system would effectively become a
viscous-danped relay system whose integrated absolute error 1s

a definite, non-zero quantity. This behavior is in distinct
conatrast with that cf a linear system, whose integrated absolute

error approaches zero as K approaches infinity. .

Evidently, then, it is advantageous to make K as large as

possidble. In a physical system, saturation can be produced for

small errors by the ‘nsertion of a high-gain amplifier bdetween ‘

. the error-sensing device and phe saturating slement, which may
be the amplifioer driving the servo motor or the motor itself.

This type of control provides some of the advantages of relay ‘

control, while permitting an adequately damped linear response

for small errors. . |
For a motor characterized by inertia and friotion, the ‘

best method of control is an adaptation13 of the off-on system |

progosed by McDonaldl4. In this system, full accclerating torgque u

is applied to the ocutput shaft until the error is reduced to a

specified value (dependent on the initial error); decelerating

torque ie then applied to bring the error and error rate to

zero simultaneously, when the torque is removed. Switohing is

" e Y
3 !m.";‘. ks
faiiias
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with a nonlinear function of the error rate to determine whether
positive or negative torqus is required. It will be instruoctive
to compare the saturating system with this optimum relay system.
: The constants of a typical two-phase 60-cycle ssrvo mctor
will be used in this comparison, in ozrder to illustrate how the
data contained in the general curves can be applied to & specific
case. The manufacturer's catalog supplies, in addition to a
speed-torque curve at rated voltage, the following information:
P0l68 ccevec0s0scvvcsnce 4
No-load Speed scececccecs 1680 RPM
Rated Voltage
Control £16ld esecsece 115 voiis
Reference field ...... 115 volts
Stallegorqg: at . 7
= rat VOllaZO cececcee of O2=-
i

Moment of Inertia ceceee 0.66 oz- 9
(0.00171 oz-in-aoc‘/rad) '
i
|

initiated by a nonlinear lead network, which compares the error z

At zero speed and rated control voltage, the slope of the speed-
torque curve is such that the friction coefficient 137

f = 0.0215 oz-in-gsec/rad (19) ‘
The maximum possible motor acceleration 1is
: ]
I
(o4 =
) 0.00171 b
= 8000 rad/sec (20) !‘

If the speed-torque characteristics are "linearized" as "

shown in Fig. 24, the no-load speed at rated control voltage

- would become
nn - 13.7
. 0.0215
= 637 rad/sec (6080 RPM) (21)
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Actual Motor Data
(sketched)

gdstimated Motor
Characteristica

10' f?- 1& TOI‘QUO (02-111)

?iguro 24. Typical Speed-Torque Characteristics and
Linear Approximation

which would correspond to a motor constant

— 6
fn = R

= 5.55 rad/sec/volt (22)

The time constant of the motor, based on the value ol f computed

above, would be
0.0215

2  0.08 sec (23)

A time constant calculated in this way is known to be optimistic
and the actual performance will not be as gocd as this ligure
would indicateld-17, Likewise, the no-load speed of 6080 RPM 18

too high. The linear approximation, however, 18 reasonably good

|
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at low speeds, as suggested by Fig. 24, and provides a basis
for a falr estimate of the performance of a servo system in
which thils motor is used.

Suppose nc'v that a servomechanism is designed usine this
motor, coupled to an output shaft which adds no friction or
inertia through an ideal gear train having a ratio of 100, and
that the data system supplies a signai of 1 volt/degree or
57.3 volts/radian. A block diagram of this system, assuming
that the motor 1s controlled by a linear amplifier, is given
in Fig. 25.

@ ) 5.55 1 e
oo iy —————— &
*Q, 573 Ko 8(0.088 + 1] | I00

Data 1
System Amplifier Motor Gears

Flgure 25. Block Diagram of a Linear Servomechanism

Since the damping ratio is

_ 1
S= TR =)

the velocity constant of the system will be

K, - (25)

(57.3)(1(&)(5.55)(.%.7) ’ (26)

where T = 0.08 seconds.
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If 1t 18 specified that < = 0.5, it turns out that the velocity
constant and amplifier gain must be

o0 oo (27)

X,

ke

3.93 volts/volt (28)

With this amplifier gain, the system has an undamped resonant

frequency which 1s

. Ky
o T
12.5 rad/sec (29)

Il

or approximately 2 cycles/second.
Using Eq. (17) and Table I, the integrated absolute error
as a function of the initial error for a step input is

W 4 T
% T T2 °

0.137 e (30)

o

provided that saturation dces not ocsur. If limiters are employed
so that the motor voltage cannot exceed 115 volts, saturation may

be considered to5 result for errors greater than

_ 115
o (57.3)(3.93)

0.51 rad (31)

or approximately 29 degrees. Thus for initial errors less than
0.51 radians, the integrated absolute error is giver. by Eq. (30),
whizh zives a stralght line of unit clope on log-log coordirates.

I
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For inltial errors greater than 0.51 radiens, the integrated
absolute error is larger than the linear theory predicts, as
indicated in Fig. 20. A curve like those of Fig. 20 was plotted
for § = 0.5 and used to obtain the curve for the saturating
system showWn in Fig. 26.

Tc plot the corresponding curves for thils same motor, with
the same rjear train but operated by an optimum off-on controller
of the typs considered earlier13, it 1e necessary to compute the
maximum available output speed and acceleration. Using the same
assumptions as before, the maximum output speed would be

= -% = 6.37 rad/sec (32)

and the maximum output acceleration, from Eq. (20), 1s

X = —% = 80 rad/sec? (33)

A8 shown 1n a previous atudy13, the integrated absoslute error

camot be less {nan

e 2 -} 2
Al = —-9——2‘“‘ = -qsﬂ—rl_.? (34)
or
b 3/2 e 3/2
‘\1 — —o‘— 80 = —8%94— 9 (35)

vwhichever is greater. Equation (34) was doveloped by neglecting
the inertia, while (35) is based on zero friction; the integrated
absolute error in the presence of both inertia and frioctlon 1s
somevhat greater than the values given by Eqs. (34) and (35),
which are the asymptotes of the correct curve for very small or

very large initial errors.

T e R v v R T ek — SRR e L STECHE
—I’ w A 21

-~




5 O AT Y o AT SO APAT ottt NI S
-42-
3 i .
2
/
4
| ,[ // L/
7 i | ‘_,1/ /
SATURATING '/
» SYSTEM /
a
S 3
3 LINEAR
o 2 SYSTEM |
z
<«
a
«
€ /
7
| y
<-.07 # /,
.08 7
/. f
0 —*J OPTIMUM OFF-ON
SYSTEM
.02
Ol 4
A 3 i at I Z 3 S5 7
e, -RADIANS

FIGURE 26




N P . e SR = T ST e e iten

&=
A\t
L]

The etraight-line asymrtotes for the off-cn eystem uan
be drawn quickly by noting that the curves intersect at an
initial error given by

3/2 )
(-] (-]
—Q = = o q. (26)
8.94 12.74
1/2
or ) = 1.425
o]
o, = 2.0 rad (37)

At this point, the integrated absolute srror 1is
4, = 0.328 rad-sec (38)

from either Eq. (34) or (35). Knowing one point on 2ach curve
and tho slopes, the dashed lines in Fig. 26 are constructed.
The dotted curve represents the actual integrated absolute
error for a aystem with both friction and inertia, ind is taken
from Fig. 65 of a previous reportl’.

An optimum off-on system is no better than a saturating
but otherwise linear system for initial errors of 2 radians or
more, but is significantly better at small errors. It should be
remembered that all of the curves in Fig. 26 are calculated for
a linear approximation to the motor curves and tha: consideration
of the curvature in the speed-torque characteristics would lead

to a nev set of performance curves. However, the trands shown in

Fig. 25 are representative.

The advantage of the off-on system at small errcrs would be
decreased by use of a lover darping ratio and higher amplifier
gain, as indicated by Fig. 22.
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Similar results, diftsring chilefly in detall, are ottalned
by use of the integrated squared error. The slopes of the curves
are less distinctive, the integral is relatively insensitlve to
small variations in the system response, and the range of the

integral 1s greatly inoreased. Tha necessary curves are developed

L R¥T

in the same way as the curves of integrated absolute error used
in this report. %

CONCIUS1ONS
The statement has be¢n made that "it 1s very easy to syn- :
thesize controllers which appear theoretlcally to have very '

superior performance but when actually installed nrove to be

very ordinary, because of system saturation"l. It 1s probably
more appropriate to state that a satura:ted system ls almost as
good a3 the best system that can be bullt and that, if saturation
is avoided, a loss of performance is necessarily entaliled.
Hopkin® and McDonaldl9 have described "dual-mode" systems,

WS - —

in #hich a nonlinear lead network and relay are used for large

errors and a linsar amplifier is used for small errors. The

saturating system with viscous frictlon 1s simllar in some

raspects, but has the disadvantage that the saturating amplifier

must be capable of supplying the full motor power.

Comparison of the responses of linear and nonlinear systems
should be based on. a thorough investigation for a wide range of
input magnitudes. Log-log plots of integratad absolute or squared
error, based on either analytic or experimental data, seem to

provide a graphic method of comparison.




AFPENDIX 1

4 Linear Remion

In tre unsaturated or linsar roglion, where -9, £ e 4 8.

the differential eguation is [from Eq. (4)]

2

e + 2 % @, é + o e =0 (a1)
subject to the initial conditions
e(0) = P, (a2)
c
3 = o
6(0) = G, o (43)

Applying the Laplace transformation to Eq. (Al) and rearranging,

ve obtain
* _ S+ 2 Swo &C{. i A4
E(B) = pe( sz N 23(&).5* woz & Qo 2 s* + 23‘005 +w°l ( )
= p S + %wo g Swo
S [(s + Su) (-9 (s+ sw) +wr(l -
(A3)
Wy € 1
M Q" 28 (s+ Sw)' +wi(1- )
The inverse transformation gives
o(t) _ pe‘g‘*’.t [m{|_3‘ wt + e siny|— 8* wot:l
g - Vi-sr
' (ac)
3 = t )
: *Q 28{%?‘ &M i e wt
= BRI on OIS
e ) 3.+ L '?‘, [N e
o Y Ll A e S .

\
)

b

i ki

L_i
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By diroot differentiation, the orror rata in the linsar region is

D

(-t) = =P -1 c:-sw"t sinVi— % wit
9 s yi- 8t (A7)

+_Qﬁﬁé&»°t[
2%

COSJ-'TT “Uot --J3=l S.ﬂ’\m UJ.t }
=%

B, Saturated Region
In the saturated rogion for which o > 0, the differential

equation 1s [from . (4)]

oo °

e+23cnoe=-a>°oc - (B1)

subject to the initial conditions of igs. (A2) and (4A5). Applying

the Laplace transformation and rearranging, we obtain

@ — &5_ woz € w, €, 1
o) = 5 - Frigeey 7 sEezsay B

The inverse transformation gives

olt) _ p— W4 ZLEO-EZS«J,(:)_’_%IO_EZSw&) (B3)

o We . w, 2wt w, ~2%w,t B4
ol T M TI .

In the other saturated roegion for which e S =35 the right-
hand side of Ec. (Bl) becomes + cno2 e,: the only difference in
the solutions 13 therefore in the signs of the terms which do not

involve the initial conditions.
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The error is thus

olt) _ -"%%t szt

8, = P+ -2% t tho 431 (' ) (B5)
and the error rate is

) owe W S2SWE Q== 28wt (B5)
e s 2'¢ o 2%

o

APPENDIX Il

Although calculation of the integrated absolute error for
even a linear second-order system appoars formidable at first
glance, the process is straightforward and the final result 1is
remarkably simple. If the system 1s asswicd to be initially at
rest, the error for a unit step function input is (from Appendix

. 1, Sa. (46)]

-&n t A\ >
e(t) = o © [coe*ﬁ -32 ot + T—w sinﬁ -%- mot] (c1)
1 e

vhich can 2l1lso be Jritten as
-08
o(6) = o [cos e + O gin e] (c2)

where

L\
= (c3)
'Vl -‘35
e 1/1 - 3'—’ @yt (c4)

The intecral ot the absolute value of the error is then

H

(= </
s f lott)] at (c5)
. A -
= i j |o(e)] ae (c6)
ooyt -8 |
F. .- aTE T T

l - 2 n
- - R ¥
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In the oscillatory cese, the error is alternately positive

and negative, bveing zero
-] =

vhere n/2 <01 { «, and
be written as the sum of

signs, as follows:

for

tan}(-1/ge) + nn (c7)

+ nnw (c8)

%
n=0,1, 2, «+«¢, Bjuation (C6) may thus
a nunber c¢f integrals with alternating

-] Qq +1T Q4 +21
Imo-\Jl = gE = j le(e) ae -j. 1 o(0) de + 561 o(@) A6 = +.»
0 %) +7T
= "E(O) + 2 E(Gl) - E(Orﬂt) + 2 E(O.L+27t) - o0e
(610)
vhere E(8) 18 the indefinite integral
z(8) = Jr e(8) de (c11)
-60
= . [(1‘-62)51:16 -20 cose] (c12)
0= + 1
Novw, since cos(Olﬂm) = (-l)ncoael and sln(elﬂm) = (-l)nainel,.
2q. (C10) can b2 put in the form
-C0 - nx
2 26 . Ec : o le [ 2
” + 2 {1 - 8iné
n=so
-2C cosel] (c13)
20 -6
= mas—— 1+ e-‘ol (.—-—1 s 81n6,
6° +1 O a5
» - m
-2 cosal] E ) }
neo
. (ci14)
]
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The swmation can be written in finite form by use of the formula

for tae sum of a geometric series; the result is

-ce
Imo‘\ll -2 - -l 1+ = Ll ‘T ainol ~ 2 cogf
o+ 1 1l - 1

(c15)

Further simplification is possible in the interasts of ease
of computation. Recalling that tan 6 = -1/s, it turns out that

1
cos 8, = - \ (616)
8in 8; = 1 - % (c17)

. «1/2
7ith these substitutions and leaving G = 38 (1 - 62) o4 wherever
consenient, the final exprassion is

['s . '°°1 ] (c18)

The integrated absolute error for a step function of magnitude P

A= 22 | & + %% (c19)
@, 1.-e°S7

1s therefore

1

Tke 2implicity of Eq. (C19) is somevhat misleading, 18 & and 6,
are still functions of ths damping ratlo, S ; nevertaieless, the
result is simpler than might have bean expected.
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